We investigate the continuous weak measurement of a solid-state qubit by single electron transistors in nonlinear response regime. It is found that the signal-to-noise ratio can violate the universal upper bound imposed quantum mechanically on any linear response detectors. We understand the violation by means of the cross-correlation of the detector currents.
Single electron transistor (SET) is a sensitive chargestate detector [1, 2, 3] , which promises the use for fast qubit read-out in solid-state quantum computation. For single-shot measurement, i.e., in one run the qubit state is unambiguously determined, an important figure of merit is the detector's efficiency, defined as the ratio of information gained time and the measurement induced dephasing time [2] . In the weakly responding regime, it was found that SET has rather poor quantum efficiency [2, 4, 5] . However, recent study showed that, for strong response SET, the quantum limit of an ideal detector can be reached, resulting in an almost pure conditioned state [6] .
Rather than the single-shot measurement, a more implementable approach in experiment is the continuous weak measurement. This type of measurement allows the ensemble average of detector and qubit states, and the qubit coherent oscillation is read out from the spectral density of the detector. In continuous weak measurement, a remarkable result is the Korotkov-Averin (K-A) bound, originally stated as follows [7] : The interplay between the information acquisition and the backaction dephasing of the oscillations by the detector imposes a fundamental limit, equal to four, on the signal-to-noise ratio of the measurement. The limit is universal, e.g., independent of the coupling strength between the detector and system, and results from the tendency of quantum measurement to localize the system in one of the measured eigenstates . In order to overcome the K-A bound, special techniques such as the quantum nondemolition (QND) measurement [8] , the quantum feedback control [9] , and the measurement with two detectors [10] , have been proposed. In this work we investigate the continuous weak measurement by strongly responding SETs [6, 11] . Remarkably, we find that for both models studied in Refs. 6 and 11 the signal-to-noise ratio (SNR) can violate the universal Korotkov-Averin bound. Interpretation and implication of this new result will be also provided. * E-mail: xqli@red.semi.ac.cn. Model.-Consider a charge qubit, say, an electron in a pair of coupled quantum dots, measured by a single electron transistor, as schematically shown in Fig. 1 . The entire system is described by the following Hamiltonian
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For simplicity, we assumed spinless electrons. The system Hamiltonian, H S , contains qubit and the SET central dot, and their Coulomb interaction (the U -term).
For qubit, we assumed that each dot has only one bound state, i.e., the logic states |a and |b with energies E a and E b , and with a coupling amplitude Ω. n a is the number operator of qubit state |a , which equals 1 for |a occupied and 0 otherwise. For the SET, a † c (a c ) and d † αk (d αk ) are the electron creation (annihilation) operators of the central dot and reservoirs. n c ≡ a † c a c is introduced as the number operator of the SET dot. Similar to previous work, we assumed that the SET works in the strong Coulomb-blockade regime, with only a single level E c involved in the measurement process. Finally, H ′ describes the tunnel coupling of the SET dot to the leads, with amplitudes Ω λk .
In this work, we consider two SET models as schematically shown in Fig. 1 . In model (I), which was studied in Ref. 11, the SET dot level is within the bias voltage if the qubit is in state |b , but it locates above the Fermi levels when the qubit state is switched to |a . For state |b , a nonzero current I b flows through the SET; however, for state |a , the SET current I a is zero. Then, the qubit state can be discriminated from these different currents. In this model, the signal current ∆I ≡ |I b − I a | is twice the average currentĪ ≡ (I b + I a )/2. In this sense, it is not a weak response detector. In model (II), which allows to illustrate the crossover from weak to strong responses, the SET dot level is always between the Fermi levels of the two leads, for qubit either in state |b or in state |a , but with different coupling strengths to the leads, i.e., Γ L(R) and Γ ′ L(R) . For the convenience of description, we further parameterize the tunnel cou-
)/2 denote the average couplings, while ξ and ζ characterize the response strength of the detector to qubit. In this context, we would like to stress that most previous works were largely restricted in the weak response regime by assuming ξ ≪ 1 and ζ ≪ 1, except in Ref. 6 the quantum efficiency was investigated in strong response regime using this model.
Method.-In continuous weak measurement, the detector's output is characterized by the current and noise spectral density. For their calculation, the most efficient approach is the particle-number resolved master equation [2] . In obtaining it, the qubit and SET dot are regarded as the system of interest, while the two leads of the SET as an environment; and the tunnel coupling H ′ of SET is treated perturbatively as an interaction between them. Up to the dominant second-order of H ′ , following Ref. 12 we havė
ρ (nR) is the reduced density operator of the system conditioned on the electron number "n R " tunnelled through the right junction (similar equation holds also for the left junction). For simplicity, throughout this paper we use the conventionh = e = k B = 1. In Eq. 
±iLt , where the bath corre-
, with ρ B the local thermal equilibrium state of the SET leads determined by the respective chemical potentials.
Rich information is contained in the above particlenumber resolved master equation, since the conditional density matrix ρ (nR) (t) is directly related to the distribution function, P (n R , t) = Tr[ρ (nR) (t)], where the trace is over the system states. For instance, by virtue of this relation, the measurement current can be obtained as [12] :
where ρ(t) ≡ nR ρ (nR) (t) satisfies the usual unconditional master equation, by summing the above Eq. (2) over n R .
In continuous weak measurement, the detector's power spectral density contains very useful information of qubit's coherent oscillation. Formally, the noise spectrum of current consists of three terms [13] :
, with S L/R (ω) the noise of the left (right) junction current I L/R (t), and S N (ω) the fluctuations of the electron number N (t) on the central dot of SET. α and β are two coefficients determined by the junction capacitances [13] , and satisfy α + β = 1. Further, for S L/R (ω), it follows the MacDonald's formula
whereĪ is the stationary current and n
In practice, instead of directly solving P (n λ , t), the reduced quantity n 2 λ (t) can be obtained more easily by constructing its equation of motion [12] , based on the particle-number resolved master equation Eq. (2). Thus, we can obtain
where the particle-number matrix reads Q λ (t) ≡ n λ n λ ρ (n λ ) (t) and ρ st the stationary density matrix. Here the superoperator means (5) into Eq.(4) and transforming into the frequency domain, we obtain
in which Q λ (ω) = 
, where U (t) = e −iHS t . Obviously, σ(t) satisfies the same equation of the reduced density matrix ρ(t). The only difference is the initial condition, for σ(t) which is σ(0) = N ρ st . Results.-For both models in Fig. 1 , the states involved are |1 ≡ |0a , |2 ≡ |0b , |3 ≡ |1a , and |4 ≡ |1b . In this notation |0(1)a(b) means that the SET dot is empty (occupied) and the qubit is in state |a(b) . Applying Eq. (2) to model (I) results iṅ
, with g L/R the density of states of the SET leads. For simplicity, the assumption of wide-band limit implies Ω L/R ≡ Ω L/Rk , and makes Γ L/R energy independent. Also, low temperature and U ≫ Ω were assumed to further simplify the equations. Similarly, for model (II), we havė
Except for the conditions leading to model (II), other parameters are the same as above.
In continuous weak measurement of qubit oscillation, the signal is manifested as a peak in the noise spectrum at the qubit oscillation frequency 2Ω, while the measurement effectiveness is characterized by the signal-to-noise ratio (SNR), i.e., the peak-to-pedestal ratio. We denote the noise pedestal by S p , and obtain it conventionally from S(ω → ∞). In Fig. 2 we show the dependence of the SNR on detector's configuration symmetries.
The result of model (I) is shown in Fig. 2(A) , where we see that both the tunnel-and capacitive-coupling symmetries crucially affect the measurement effectiveness. For the effect of tunnel coupling asymmetry Γ R /Γ L , the basic reason is that, with the increase of Γ R /Γ L , the interaction time of the detector electron with the qubit is decreased. Thus the detector's back-action is reduced and the SNR is enhanced [11] . For the effect of capacitive coupling, its degree of asymmetry affects the contribution weight of the cross-correlation between I L (t) and I R (t) to the entire circuit noise. Specifically, the cross-correlation has more important contribution for more symmetric coupling, as shown in Fig. 2(A) by the α-dependence. This is because, as we shall demonstrate below, the crosscorrelation has much higher peak-to-pedestal ratio than the auto-correlation.
An unexpected feature observed in Fig. 2(A) is that under proper conditions, say, the symmetric capacitive coupling and strongly asymmetric tunnel coupling, the SNR can exceed "4", which is the upper bound quantum mechanically limited on any linear response detectors [7] . However, to our knowledge, whether this upper bound is applicable to nonlinear response detector is so far unclear in priori, since in this case the linear response relation between current and qubit state breaks down, then the subsequent Cauchy-Schwartz-inequality based argument leading to the upper bound "4" does not work [10] .
To support the above reasoning, we further check model (II). The result is presented in Fig. 2(B) . As explained in the model description, the parameters ξ and ζ used here characterize, respectively, the left and right tunnel-coupling responses to the qubit states. Shown in Fig. 2(B) is for an asymmetric tunnel coupling detector, with γ ≡Γ R /Γ L = 30, which can lead to higher SNR, because of the weaker back-action from the detector, similar to model (I). Here we find that the SNR is insensitive to the right junction response ζ, but sensitive to the left one ξ. Again, in this model, we observe that the SNR can violate the K-A bound "4" in the strong response regime. Understanding the Violation of the K-A Bound.-Since I(t) = αI L (t) + βI R (t), the current correlator I(t)I(0) contains the component S LR (t) ≡ I L (t)I R (0) + I R (t)I L (0) , i.e., the cross-correlation. Also, in the previous results, we see that for more symmetric capacitive coupling the SNR is larger, and reaches the maximum at α = β = 1/2. This feature indicates that the cross-correlation has an effect of enhancing the SNR. Indeed, for the SET detector, both the left and right junction currents (I L and I R ) contain the information of qubit state, so their "signal" parts are correlated. This leads to a heuristic opinion that views the two junctions as two detectors, like the scheme of qubit measurement by two point-contacts proposed recently by Jordan and Büttiker [10] , where they found that the SNR of the cross correlation can strongly violate the K-A bound, because of the negligibly small pedestal of the cross noise. In our case, since I L (t) and I R (t) are subject to a constraint from charge conservation, the cross noise background of I L (t) and I R (t) does not vanish in principle, unlike the two independent QPC detectors [10] . Nevertheless, the pedestal of the cross noise of SET is much smaller than that of the auto-correlation, which leads to an enhanced SNR in the spectral density of the total circuit current, and to the violation of the K-A bound, as clearly shown in Fig. 3(A) . For comparative purpose, in Fig. 3(B) we plot the SNR of the cross correlation, scaled by the noise pedestal S p of the circuit current.
In Fig. 4 the spectral density of the cross correlation, scaled by its own noise pedestal, is shown representatively. As mentioned above, since at high frequency limit the cross noise pedestal is negligibly small, here we artificially (but more physically in some sense) define the pedestal at a finite frequency, e.g., twice the qubit oscillation frequency. Obviously, the giant SNR of the crosscorrelation has drastically violated the K-A bound. This result indicates that in qubit measurement by SET one can exploit the cross correlation, rather than the auto one as usual, to probe the coherent oscillations. In practice, such scheme is simpler than the technique of QND measurement [8] , and holds the most advantages of SET over QPC. In recent years, the cross-correlation in mesoscopic transport is an extensive research subject. Its measurement in experiment is also possible, for instance, using the nearby-QPC counting technique [14] . Summary.-We have investigated the continuous weak measurement of qubit oscillations by nonlinear response SET, and demonstrated that the signal-to-noise ratio can violate the universal Korotkov-Averin bound. The violation has been understood by the role of the crosscorrelation of the detector's currents. This interesting interpretation also leads to useful implication to experiment.
